Technical Notes

important to estimate the errors introduced using segmented
electrodes in measuring local mass transfer rates.
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NOMENCLATURE
f(r) dimensionless generation rate function
g gravitational acceleration [m s~ %]
Gr Grashof number, g8R30/kv?
k thermal conductivity of the fluid
(Wm 1K 1]
Pr Prandtl number, v/u
q.{0) local wall heat flux, g*/(R,Q) = (T/or),
[Wm~?]
4(r) prescribed energy generation rate function,
M Wm?]
1] maximum value of §(r) [W m 3]
0 volume averaged rate of energy released,
30 J TN i
— ryr? dr [Wm™3
Gy ) S0 drTWm™]
r radial coordinate [m]
Ry, R, inner and outer sphere radii [m]
T(r,0) temperature field [K]
T, outer sphere temperature.

Greek symbols

o thermal diffusivity of the fluid [m? s~ 1]

p coefficient of volume expansion of the fluid
K]

n radius ratio, R,/R,

tPresent address: Sandia National Laboratories,

Albuquerque, NM 87185, US.A.

[ latitudinal coordinate
v kinematic viscosity of the fluid [m? s~ 1]
Y(r,0) stream function {m3s™!].
Subscripts
0O), partial derivative with respect to r
Superscripts
() dimensional quantity.

INTRODUCTION

IN A RECENT paper Nelsen et al. [1] discussed natural
convection in a spherical annulus driven by uniformly
distributed energy generation within the annulus fluid. The
purpose of this note is to extend those results to include
radially non-uniform generation rate distributions in the
annulus and to investigate their effect on the flow field. Under
study is the steady buoyancy driven flow of a Boussinesq fluid
within a concentric spherical annulus enclosure. The inner
wall is insulated while the outer sphere is an isotherm (T3).
Such a configuration is of practical interest as discussed in ref.
[1]. Of interest here, however, are the generic attributes of the
apparatus as determined by an approximate numerical
method, the method of partial spectral expansions.

MATHEMATICAL MODEL AND SOLUTION

A Boussinesq fluid fills a concentric spherical annulus
enclosure whose inner radius is R, and outer radiusis R,. The
fluid is generating energy at a prescribed rate, ¢ = 4(r).
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Table 1. Generation rate distributions givingQ = 1 Wm™3

Profile
name ¢* = 0f(n[Wm?]
CON 1

SIN 1.59554 sin [r(r—n)/(1 —n)]
LPS 1.64706(r — n)/(1 —n)

Spherical coordinates are used and axisymmetry is assumed.
The axis is defined as a line parallel to the gravitational vector
passing through the spheres’ centers. The latitudinal
coordinate, 6, is measured from the top or ‘north pole’. The
solution is valid in adomain: n £ r < land 0 < 0 < .

The governing system of equations is formulated in terms of
the dimensionless stream function, ¥(r, ), and temperature
field, T(r, 0),asinrefs.[2,3](with A = 1)and arenot listed here.
The dimensionless variables are related to the physical
quantities (with asterisks) as: r* = R,r, y* = R,vyp, T*
=(R3Q0/WT+T,, and ¢*r)= Qf(r) = Qg(r). The flow
conditions are no-slip and no-cross-flow at solid surfaces. The
thermal conditions are given as T,(y,0) = T(1,6) = 0. The
generation rate profiles used are summarized in Table 1.

Q has been chosen so that ( is the same for each profile: | W
m ™ 3. The Grashof number, being defined in terms of (3, does
not change value. Each shape for ¢ has the same thermal
potential but it is distributed differently within each profile
chosen. Note that for # = 0.5, Qgn = 0.62680 and §, ps
= 0.60710.

The governing system of equations is solved by an
approximate solution method known as partial spectral
expansions. Specific information about the method and its
convergence may be found in ref. [3].
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RESULTS AND DISCUSSION

The flow field determined by the stream function and
temperature distribution depends upon the spatial co-
ordinates, the dimensionless parameters of the problem,
and the shape of the generation function. That is

W, T =y, T(r,0; n,Gr, Pr; q).

In this paper the radius ratio is fixed at # = 0.5, the Prandtl
number at Pr = 1.0, and the Grashof number at Gr = 107,

Being insulated, the inner sphere will be warmer than the
outer. Thus, natural convection will be established with
upward flow along the inner sphere and downward along the
outer. The streamlines should generally show a clockwise
circulation pattern with the magnitude and shape dependent
upon the particular generation profile used. Note that with the
boundary conditions of this problem, if ¢ = 0, there is no flow
and the fluid is uniform at T,.

These effects are illustrated in Figs. 1 and 2 which show
isotherm and streamline contours, respectively. In spite of the
distinctly different generation rate profiles used, the isotherms
of Fig. 1 show a rather similar shape. In each case, the upper
latitudes are nearly twice as warm as the lower latitudes with
the warmest spots lying on the north polar axis. The isotherm
magnitudes do show a significant change with profile shape.
Note that ‘CON’ results may be seen in Fig. 3of ref. [1], p. 174
and that, in this case, T,,,, = 0.03174.

Regarding the streamline contours shown in Fig. 2, only
results from the SIN and LPS cases are shown. The contour
shapes are not strongly dependent on the generation rate
profile. Magnitudes, however, do vary with the LPS profile
having the smaller values of . Note that for CON, ...
= 15.64. It is confirmed in Fig. 2 that any generation rate
profile which has a maximum near the inner sphere will abet
the natural circulation. Conversely, those profiles which peak
near the outer sphere will tend to retard the flow.

8@ (b)

F1G. 1. Isotherm contour maps for 4 = 0.5, Pr = 1.0, and Gr = 107 with the inner sphere insulated and the
outer maintained at T, = 0 showing the effect of non-uniform energy generation rates : (a) SIN; and (b) LPS.
The dependent variable T(r, ) is shown.



Technical Notes

— 390

188

(a)

1927

=17}

180

(b)

FIG. 2. Streamline contour maps showing the effect of non-uniform energy generation rates for the same
conditions specified in Fig. 1: (a) SIN; and (b) LPS. The dependent variable (r, 0) is shown.

Of final concern is the local heat flux along the outer sphere
and the inner sphere’s temperature. The inner sphere being
insulated has no energy transported across it. All energy must
cross the outer sphere. Thus, an integrated heat flux across the
outer surface simply gives an energy balance, nothing more.
Figure 3 shows both of these results for the cases discussed
above. The area contained between the g,, curves and the line
4., = 0 is proportional to the total integrated rate of energy

generated, a constant here. The curves show in each case that
the largest rate of energy transport occurs at the top of the
outer sphere, decreasing to a minimum flux at the bottom.
Additionally, the inner sphere is always warmest near the top
with the SIN profile consistently giving the warmest inner
sphere and the LPS profile the coolest. This is not surprising
since the LPS profile concentrates the energy release at the
outer sphere, while SIN peaks nearer to the inner surface.
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F1G. 3. Local outer sphere heat flux and inner sphere temperature (T(n, 6)) results for the same conditions as
usedin Fig. 1. Note that g, < Orefersto energy leaving the annulus and that (1) = CON,(2) = SIN,(3) = LPS.
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CONCLUSIONS

Based on the data presented herein, for a selected set of
parameters, it is determined that the isotherm and streamline
contours areratherinsensitive to the actual shape of the energy
generation rate function although their magnitudes are
affected. Thelinear-positive-slope profile produced the coolest
annulus and consequently the one circulating the most slowly.
This is characteristic of profiles which peak near the outer
sphere. The local wall heat flux results show that the northern
regions of the outer sphere are subject to the major thermal
stress. On the inner sphere, the northern latitudes are also the
hottest.
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INTRODUCTION

THEIMPORTANCE of ice—seawater interactions has been evident
since the early investigation of Sandstrom [ 1]. Later, Neshyba
[2) suggested that the upwelling produced by melting icebergs
could strongly influence the supply of nutrients to Antarctic
surface waters.

In saline water, the coupled effects of thermal and saline
diffusion, on the motion-causing buoyancy force, results in
considerable added complexity. Previous work dealing with
the melting of ice in pure water has been summarized by Carey
and Gebhart [3, 4], and includes abstracts of papers presented
at meetings by Josberger and Martin [5] and Josberger [6]
who have considered the buoyancy-induced flow near ice in
seawater. In a more complete discussion of their work,
Josberger [7, 8] and Josberger and Martin [9] report
observations regarding vertical ice slabs melting in sea water.
It was observed that next to the ice surface, upwardly flowing
fluid began as laminar then developed into turbulence, where
the transition location was governed by a saline Grashof
number. Also, in the laminar regime, they observed
bidirectional flow, with an upward inner flow and downward
outer flow. They presented measured interface temperatures
found by freezing themistors in the ice, but the effect of internal
heat conduction in the ice is not clear. Strikingly increased
local melting rates were observed in the transition region
where the flow went from a bidirectional laminar flow to an
upward turbulent flow. In this region, a ‘notch’ was formed in
the ice as the entrained fluid divided to feed the upward and
downward flows. Such a ‘notch’ was also seen in the work
reported by Sandstrom [1].

Marschall [10] solved the boundary-layer zquaiions
governing heat, mass and momentum transfer and presented

results for the relationships between interface temperature,
ambient temperatures and interface salinity.

Carey and Gebhart [ 3,4] numerically computed boundary-
layer flow and transport adjacent to a vertical ice surface in
saline water for a wide range of ambient salinities and
temperatures. Their calculations show excellent agreement
with the results of Josberger [8] and those from the present
paper. They also conducted vertical ice melting experiments in
10°/,, saline water over the ambient temperature range of
1-15°C and showed, by a time exposure photographic
technique, the nature of the natural convection flows.

EXPERIMENTAL APPARATUS AND
PROCEDURE

Nominally, the present experiment consisted of melting
a vertical, bubble-free ice slab of dimensions 30.3 cm high by
14.8 cm wide with an initial thickness of 3 cm in saline water
at a concentration of about 35°/,.. The actual ambient
salinity ranged between 34.5 and 35.5°/,..

Frozen in the ice slab were five thermocouples to both
measure the ice-liquid interface temperature, t;;, during
melting ; and, before a run, to determine when the entire slab
was at the t;; temperature expected to result for the given
ambient temperature. Equilibrium was obtained by ‘over-
freezing’ the ice to a temperature below the expected ¢
temperature for each individual experimental run. The ice was
then put into an insulated box and allowed to warm slowly to
the expected t;,. This procedure insured negligible internal
conduction and consequently a very accurate inference of the
interfacial melting temperature. This is necessary, since it
would be difficult to separate out transient internal
conduction effects accurately.



